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Abstract

Statistical learning theory (SLT), pioneered
by Vapnik & Chervonenkis (1971), concerns
the problem of choosing desired functions on
the basis of empirical data. A central issue in
SLT is the derivation of Vapnik-Chervonenkis
(VC) style generalization bounds and sam-
ple complexities. While the SLT litera-
ture contains a vast collection of such re-
sults, somewhat surprisingly it contains al-
most no results regarding the problem of
learning a binary classifier with weighted mis-
classification error. In this paper we aim
to fill this gap. We show how existing
bounds for unweighted binary classification
can be extended to weighted binary classifi-
cation, especially when false negatives have
zero penalty. These bounds are an order-
of-magnitude sharper than Vapnik’s basic re-
sult. We demonstrate the practical relevance
of these results by presenting an SLT ap-
proach to verifying computational properties
of complex controller algorithms.

1 INTRODUCTION

In this paper we are interested in deriving VC style
generalization bounds and sample complexities for bi-
nary classification where the two types of misclassifica-
tions – false negatives and false positives are assigned
different losses.

The problem of learning a binary classifier based on
a data sample is a special case of learning a general
function in the SLT framework. Let X and Y be non-
empty sets that will be called the input and output
space respectively, and F (x, y) be a fixed, unknown
probability function1 on Z = X × Y . A training set

1For the sake of simplicity, we will not make the expo-

is a finite sample Sn = {(xi, yi)}n
i=1 ∈ Zn drawn in-

dependently according to F . A hypothesis space is a
set H ⊂ Y X of functions from X to Y . A loss func-
tion is a real-valued function L : Y 2 → R. The ex-
pected or real loss of a hypothesis h ∈ H is defined as:
L(h) =

∫
L(h(x), y)dF (x, y). The informal goal of the

learning problem is

to find h with small expected loss, based on
the training sample Sn.

There are several well-known special cases of the gen-
eral learning problem. An important special case is
where the conditional distribution F (y|x) is degener-
ate, corresponding to a function f : X → Y . Function
f is called the target function. When Y is finite, we
have a classification problem. When |Y | = 2, we have
a binary classification problem, and the two elements
of Y are denoted as {−1, 1}. A frequent choice of L for
classification problems is the misclassification error :

L(y, y′) = I(y 6= y′) =
{

0 if y = y′

1 if y 6= y′.

In binary classification, sometimes we wish to use the
weighted classification error :

L(y, y′) =





0 if y = y′

ρ if y = −1, y′ = 1 (false negative)
1 if y = 1, y′ = −1 (false positive).

Here ρ is a number between 0 and 1. The idea is that
false positive misclassifications are more costly than
false negative ones. In m-class classification, we can
generalize this idea by defining a m×m classification
loss matrix.

In this paper, we will assume that the loss function
has range [0, 1]. This assumption clearly holds for
weighted binary classification.

sition rigorous by ignoring measurability and integrability
issues. This simplification is often adapted in presenting
SLT to a computer scientist audience.



2 VC ANALYSIS

How should one go about finding a hypothesis with
small expected loss? This question initially appears
impossibly difficult, especially since no assumption is
made about the sampling distribution F . SLT refor-
mulates the informal goal of learning as:

to find h with a small bound on its expected
loss, based on the training sample Sn.

The crucial modification lies in the phrase “small
bound”. In the classical VC analysis, the expected
loss of a hypothesis h ∈ H is bounded using the sum
of two quantities. The first quantity is the empirical
loss of h on Sn:

Ln(h) = L(h, Sn) =
1
n

n∑

i=1

L(h(xi), yi).

The second quantity depends on some measure of com-
plexity of the hypothesis space H from which h is se-
lected, and is referred to as the VC confidence. For-
mally, let ε and δ be small (< 1) positive numbers, we
will be interested in inequalities of the form

P

{
sup
h∈H

(L(h)− Ln(h)) < ε

}
≥ 1− δ,

or succinctly: Pδ : L(h) < Ln(h) + ε. (2.1)

Such an inequality provides an upper bound (Ln(h) +
ε) with confidence 1−δ for the expected loss of any hy-
pothesis h ∈ H. The classical approach is thus based
on a worst-case analysis. Typically, there is some func-
tional relationship between ε, δ, n, and a measure of
complexity of H. There are several quantities that
can serve as a complexity measure of H, the most well-
known of which is the so-called VC dimension. We will
give a precise definition of the VC dimension later, but
throughout the paper we will use d to denote the VC
dimension of H.

2.1 VAPNIK’S GENERAL BOUND

When H contains a single hypothesis, 2.1 becomes the
problem of convergence in probability, of bounding the
discrepancy between the expectation and the empiri-
cal mean of some random function, to which large de-
viation inequalities such as Chebyshev’s, Chernoff’s,
Hoeffding’s, Bernstein’s, and McDiarmid’s can be ap-
plied (see (McDiarmid, 1997) for a recent survey of
these inequalities). In the general case, the problem is
one of uniform convergence in probability. The word
“uniform” is a consequence of the supremum in 2.1.
The classical approach employs a set of techniques to
reduce the general case to the special case. The fol-
lowing result is an example of such results.

Theorem 2.1 (Vapnik’s General Bound (Vap-
nik, 2000, Equation 3.26)).

Pδ : L(h) < Ln(h) +

√
1
n

(
d ln

2en

d
+ ln

4
δ

)
.

2.2 BOUNDS FOR UNWEIGHTED
BINARY CLASSIFICATION

VC analysis for binary classification has been the fo-
cus of much research in statistical learning theory, and
more recently, in the theory of learnability (Blumer
et al., 1989; Anthony & Shawe-Taylor, 1993). But to
our knowledge, heretofore all of the work in this area
assumes that the classification error is unweighted. In
this section we describe the main results on general-
ization bounds in unweighted binary classification.

When the empirical loss Ln(h) is zero – in which case
we call h consistent – it is possible to derive sharper
bounds, as the following well-known result shows.
Theorem 2.2 (Consistent Unweighted Binary
Classifiers (Blumer et al., 1989)).

Ln(h) = 0 ⇒ Pδ : L(h) <
2
n

(
d log

2en

d
+ log

2
δ

)
.

The requirement that h is consistent is quite restric-
tive, especially for unweighted binary classification. If
it is possible to achieve small, but non-zero empirical
loss, the following result can be used instead.
Theorem 2.3 (Unweighted Binary Classi-
fiers with Small Empirical Loss (Anthony &
Shawe-Taylor, 1993)).

Pδ : L(h) < 2Ln(h) +
4
n

(
d ln

2en

d
+ ln

4
δ

)
.

3 VC ANALYSIS FOR WEIGHTED
BINARY CLASSIFICATION

Practically nothing is known about generalization
bounds for weighted binary classification. Granted,
Theorem 2.1 makes no assumption about the loss func-
tion L, and thus can be applied for weighted binary
classification. Even then, there is one subtlety with
Theorem 2.1 in the definition of the VC dimension.
It is important to note that the VC dimension of a
hypothesis space H depends on the loss function L.
In (Vapnik, 2000), the concept of VC dimension is first
defined for the case of unweighted binary classification,
and then generalized to the case of arbitrary loss func-
tion L. It is not immediately clear from the existing
literature how the VC dimension for unweighted bi-
nary classification is related to the VC dimension for
weighted binary classification. We offer the following
observation to address this issue.



Proposition 3.1. In weighted binary classification,
the VC dimension, as defined in (Vapnik, 2000) does
not depend on the parameter ρ.

As a consequence, we can apply Theorem 2.1 to
weighted binary classification using the familiar def-
inition of VC dimension. The problem is, the VC
confidence term in Theorem 2.1 is O(

√
ln n/n), signifi-

cantly worse than O(log n/n) in Theorems 2.2 and 2.3.
The question is then: can we extend Theorems 2.2
and 2.3 to the weighted binary classification problem?
This is the motivation of the our work, and we shall
show that the answer is affirmative when ρ = 0.

3.1 CONSISTENT BINARY CLASSIFIERS

We first consider consistent binary classifiers, and thus
statements of the form

Pδ : sup
h∈H,Ln(h)=0

L(h) < ε.

The approach taken here is similar to that described
in Vidyasagar (2003), with extensions to include
weighted binary loss.

The main difficulty in deriving inequalities of the
form 2.1 is the unknown quantity L(h), as we make no
assumptions about the distribution function F . The
first step in the VC analysis is to eliminate L(h). It is
referred to as symmetrization step.

The Symmetrization Argument

Let S′n be a ghost sample, i.e. a training set of size
n and independent of Sn, and L′n(h) = L(S′n, h). We
will prove that

pP{ sup
h:Ln(h)=0

L(h) > ε}

≤ P{ sup
h:Ln(h)=0

L′n(h) >
ε

2
}, (3.1)

for some p ∈ (0, 1). The intuition here is that if the
empirical losses on two independent training sets are
close, then they should also be close to the expected
loss. Let

Q =

{
Sn : sup

Ln(h)=0

L(h) > ε

}
,

R =

{
Sn, S′n : sup

Ln(h)=0

L′n(h) >
ε

2

}
.

Then 3.1 becomes pP (Q) ≤ P (R), and we can set
p = P (R|Q). To derive a lower bound on p, fix h and

Sn such that Ln(h) = 0, L(h) > ε, and observe that

1− p ≤ P {L′n(h) ≤ ε/2}
≤ P {L′n(h)− L(h) < −ε/2}

⇒ p ≥ P {L′n(h) ≥ L(h)− ε/2} =: αn(ε). (3.2)

We will derive further lower bounds on αn(ε) later; for
now let us remember that αn(ε) is the probability that
the empirical loss (of size n) is large (at least the real
loss minus ε/2).

The Covering Argument

We now bound P (R). This step is referred to as the
covering argument. Let

H2n = {(h(xi))2n
i=1|h ∈ H,xi ∈ X, i = 1, . . . , 2n}

⊆ {−1, 1}2n.

Elements of H2n are denoted as (hn, h′n), where hn ∈
{−1, 1}n are the first n coordinates, and h′n ∈ {−1, 1}n

are the second n coordinates. We then write Ln(h) as
L(hn), and L′n(h) as L(h′n). Now P (R) = P (R′) where

R′ =
{
∃(hn, h′n) ∈ H2n : L(hn) = 0, L(h′n) >

ε

2

}
.

Let Σn = {σ : {1, . . . , n} → {0, 1}}, and thus |Σn| =
2n. Each function σ can be viewed as a bijective map-
ping between a pair (Sn, S′n) ∈ Zn × Zn and another
pair (σSn, σS′n) ∈ Zn × Zn so that

σ(i) = 1 ⇒ σSn(i) = S′n(i) ∧ σS′n(i) = Sn(i),
σ(i) = 0 ⇒ σSn(i) = Sn(i) ∧ σS′n(i) = S′n(i).

In words, each n-bit 0/1 vector σ encodes the inter-
changing of the n coordinates of Sn and S′n. Similarly,
denote by (σhn, σh′n) the interchanging of coordinates
of (hn, h′n) according to σ. We write L(σhn, σSn) as
L(σhn) and L(σh′n, σS′n) as L(σh′n). Finally, let

σR′(hn, h′n) =
{

L(σhn) = 0, L(σh′n) >
ε

2

}
,

σR′ = {∃(hn, h′n) ∈ H2n : σR′(hn, h′n)} .

Since σ merely relabels the samples in Sn and S′n, we
have

P (R′) = P (σR′) =
1
2n

∑

σ∈Σn

P {σR′}

=
1
2n

∫

Z2n

∑

σ∈Σn

I {σR′} dSndS′n

≤ 1
2n

∫

Z2n

∑

σ∈Σn

∑

(hn,h′n)∈H2n

I {σR′(hn, h′n)} dSndS′n

=
1
2n

∫

Z2n

∑

(hn,h′n)∈H2n

∑

σ∈Σn

I {σR′(hn, h′n)} dSndS′n.

(3.3)



In the above, I denotes the indicator function. We
next bound the integrand in 3.3. To bound the inside
sum, we proceed as follows. Note that for any fixed re-
alizations of (Sn, S′n) and (hn, h′n), if L(h′n, S′n) > ε/2,
then there are more than nε/2 coordinates of S′n that
have positive loss. These coordinates can not be in-
terchanged with Sn if we want to keep L(hn, Sn) = 0.
Consequently, there are less than n−nε/2 coordinates
of S′n that can be interchanged with Sn while still keep-
ing L(hn, Sn) = 0. Thus, the inside sum in the inte-
grand in 3.3 is at most 2n−nε/2.

To bound the outside sum in the integrand in 3.3, we
need to bound the cardinality of H2n. The quan-
tity |Ht| is called the growth function of H. Note
that Ht is the set of all −1/1 vectors of length t that
can be realized using the hypotheses in H, and thus
|Ht| ≤ 2t, ∀t > 0. If |Ht| = 2t, ∀t > 0, we say that
H has infinite VC dimension. Otherwise, the greatest
integer t that satisfies |Ht| = 2t is called the VC di-
mension of H. In this paper we assume that H has
finite VC dimension d. Sauer-Shelah lemma (Sauer,
1972; Shelah, 1972) provides a bound on the growth
function based on the VC dimension.

Sauer-Shelah Lemma. |Hn| ≤ (en/d)d
.

For proofs of this lemma, see, for example, (Vap-
nik, 1998; Vidyasagar, 2003). Thus the integrand
in 3.3 is less than (2en/d)d2n−nε/2, and hence P (R) ≤
(2en/d)d2−nε/2. Combining this with 3.2 and 3.1, we
obtain the following result.

Lemma 3.2 (Consistent Weighted Binary Clas-
sifiers). Any consistent hypothesis h (Ln(h) = 0) has
expected loss bounded by ε with probability at least

1− αn(ε)−1

(
2en

d

)d

2−nε/2.

It remains to estimate αn(ε) from the left. In the case
when ρ is either 0 or 1, we can use Lemma 3.6: αn(ε) ≥
1/2, provided that nε > 2. This leads to the following
result which extends Theorem 2.2 to include the case
when false negatives have zero penalty.

Theorem 3.3 (Consistent Weighted Binary
Classifiers, ρ = 0, 1).

Ln(h) = 0 ⇒ Pδ : L(h) ≤ 2
n

(
d log

2en

d
+ log

2
δ

)
.

3.2 BINARY CLASSIFIERS WITH SMALL
EMPIRICAL LOSS

When zero empirical loss is achievable, Theorem 3.3
provides a sharp (up to a logarithmic factor for ρ = 1
(Ehrenfeucht & Haussler, 1989)) bound on the VC con-
fidence (and hence the expected loss). The key is the

combinatorial argument in bounding the inner sum
in 3.3. This argument is not extensible to the case
where the empirical loss is non-zero. To derive bounds
for the case the empirical loss is small, say εn > 0, we
need a different approach. The approach we describe
in this section is based on that of Anthony & Shawe-
Taylor (1993), with extensions to include weighted bi-
nary loss. We will be interested in bounding

P{ sup
Ln(h)≤εn

L(h) > ε}, where ε > εn.

Let εn/ε < λ ≤ 1. We begin with a similar sym-
metrization argument to that in Section 3.1. Let

Q =

{
Sn : sup

Ln(h)≤εn

L(h) > ε

}
,

R =

{
Sn, S′n : sup

Ln(h)≤εn

L′n(h) > λε

}
,

and we proceed to upper bound P (R) and lower bound
P (R|Q) =: βn(λ, ε). We will derive lower bounds for
βn(λ, ε) later; for now it suffices to remember that it
is the probability that the empirical loss (of size n) is
at least λε, given that the real loss is at least ε.

To derive an upper bound on P (R), note that if
L′n(h) > λε > εn ≥ Ln(h), then

L′n(h)− Ln(h)√
L′n(h) + Ln(h)

>
λε− εn√
λε + εn

.

This is a consequence of the easily checked fact that
function f(x) = (x − εn)/

√
x + εn is monotonically

increasing in (εn,∞). Thus P (R) ≤ P (R′), where

R′ =

{
Sn, S′n : ∃h :

L′n(h)− Ln(h)√
L′n(h) + Ln(h)

> η

}
,

and η = λε−εn√
λε+εn

. Now, proceed analogously to the
permutational covering argument in the case of zero
empirical loss (see 3.3), we have

P (R′) ≤
∫

Z2n

∑

σ∈Σn

∑

(hn,h′n)∈H2n

1
2n

I

{
L′(σhn)− L(σhn)√
L′(σhn) + L(σhn)

> η

}
dSndS′n. (3.4)

Denote li = L(h(xi), yi) and l′i = L(h(x′i), y
′
i), and

define the independent random variables Yi, i = 1 . . . n,
such that

P{Yi = li − l′i} = P{Yi = l′i − li} =
1
2
.

The inner sum in the integrand in 3.4 becomes

P


 1

n

n∑

i=1

Yi > η

√√√√ 1
n

n∑

i=1

(li + l′i)






which, by Hoeffding’s inequality, is bounded by

exp
(
−nη2

∑n
i=1(li + l′i)

2
∑n

i=1(li − l′i)2

)
≤ exp

(
−nη2

2

)
,

since li, l
′
i ∈ [0, 1]. Again using the Sauer-Shelah

lemma to bound the outer sum, we have

P (R) ≤ P (R′) ≤
(

2en

d

)d

exp
(
−n(λε− εn)2

2(λε + εn)

)
.

Putting everything together, we have the following
general result.

Lemma 3.4 (Weighted Binary Classifiers with
Small Empirical Loss). Any hypothesis h with
Ln(h) ≤ εn has expected loss bounded by ε with proba-
bility at least

1− βn(ε)−1

(
2en

d

)d

exp
(
−n(λε− εn)2

2(λε + εn)

)
,

provided that λ ∈ (εn/ε, 1].

In the case when ρ is 0 or 1, and λ = 1, Lemma 3.6,
Equation 3.7 states that βn(1, ε) > 1/4, provided that
nε > 1, leading to the following result, which super-
sedes Theorem 2.3.

Theorem 3.5 (Weighted Binary Classifiers with
Small Empirical Loss, ρ = 0, 1).

Ln(h) ≤ εn ⇒ Pδ : L(h) ≤ ε,

if ε satisfies that

(ε− εn)2

ε + εn
≥ 2

n

(
d ln

2en

d
+ ln

4
δ

)
.

In particular, we can take

ε = 2εn +
4
n

(
d ln

2en

d
+ ln

4
δ

)
. (3.5)

Remark 3.1. Note that the bound in Theorem 3.5
(Equation 3.5) is not in the form of Inequality 2.1,
due to the factor two in front of εn. This is the rea-
son why this result is most useful for small εn. The
VC confidence term can be rewritten using base-two
logarithm as

4 ln 2
n

(
d log

2en

d
+ log

2
δ

+ 1
)

,

which is roughly 38% larger than the VC confidence
term in Theorem 3.3 . This is due to the use of Ho-
effding’s inequality as opposed to the combinatorial
argument in bounding the inner sums in 3.4 and 3.3.

3.3 THE ROLE OF FALSE NEGATIVE
PENALTY

In this section we look at the differences between the
unweighted binary classification case (ρ = 1) and the
weighted one (0 ≤ ρ < 1), and provide additional in-
sight into why the existing bounds for the case ρ = 1
can be carried over to the case ρ = 0 without change.
For the case when 0 < ρ < 1, we discuss several ways
to derive bounds.

First, let us note that the covering argument for
bounding P (R) in both Theorem 3.3 and 3.5 does not
make any assumption regarding ρ. The only place
where ρ matters is in the symmetrization argument,
in deriving lower bounds for αn(ε) for Theorem 3.3
and βn(λ, ε) for Theorem 3.5. When ρ = 0, 1, the
lower bounds for αn(ε) and βn(1, ε) are obtained via
the following result.

Lemma 3.6. Let B(n, p) denotes the binomial random
variable with parameters n and p. Then

np > 2 ⇒ P{B(n, p) > np/2} > 1/2, (3.6)
np > 1 ⇒ P{B(n, p) > np} > 1/4. (3.7)

The crucial point is that in both cases when ρ = 0 and
ρ = 1, the random variable nLn(h) is a binomial of
the form B(n,L(h))! This is no longer the case when
ρ takes values in (0, 1). For this case, we need to use
other bounding methods. For example, we can bound
αn(ε) as

1− αn(ε) = P {Ln(h) < L(h)− ε/2}
≤ exp(−nε2/2) (Hoeffding’s)

or

≤ exp
(
− 3nε2

4ε + 3

)
(Bernstein’s), (3.8)

with the latter bound being typically better (for ε <
3/4). When 1/2 < ρ < 1, we can derive a sharper
bound for p in 3.2 (instead of αn(ε)) as follows. Let
L∗ denote the unweighted loss function. We have that
l = L∗(h) ≥ L(h) > ε, Ln(h) ≥ ρL∗n(h), and thus

1− p = Pr {Ln(h) ≤ ε/2}

≤ Pr
{

L∗n(h) ≤ ε

2ρ

}

≤ Pr
{

L∗n(h) ≤ l

2ρ

}
(Multiplicative Chernoff’s)

≤ exp

(
−

(
1− 1

2ρ

)2

nl/2

)

≤ exp

(
−

(
1− 1

2ρ

)2

nε/2

)
, (3.9)



which is better than Bernstein’s bound (Equation 3.8)
for ε < 3(2ρ− 1)2/(8ρ2 + 16ρ− 4).

As for bounding βn(λ, ε) when ρ ∈ (0, 1), we can also
use Hoeffding’s and Bernstein’s inequality, but only for
the case λ < 1.

1− βn(λ, ε) ≤ P {Ln(h) < L(h)− (1− λ)ε}
≤ exp(−n(1− λ)2ε2/2) (Hoeffding’s)

or

≤ exp
(
− 3n(1− λ)2ε2

4(1− λ)ε + 3

)
(Bernstein’s).

When λ = 1, none of the large deviation-type in-
equalities is applicable, and it seems like we can de-
rive bounds only for the binomial tail (ρ = 0, 1) and
not for the general case (0 < ρ < 1). It is worth not-
ing that while Inequalities 3.6 and 3.7 are fairly well-
known facts, we have not been able to find satisfactory
proofs for them in the SLT literature. We have come
up with proofs for these facts, based on case analysis.
For Inequality 3.6, we can use 3.9 (with ρ = 1) for the
case np > 8 ln 2 ≈ 5.5, and a case analysis based on
bnpc for 2 < np < 8 ln 2. For Inequality 3.7, the proof
centers on the fact that we only need to consider the
case when np is an integer. Both of these two proofs
are extremely long and tedious, and we omit the de-
tails here.2

4 APPLICATIONS

In this section we demonstrate the practical relevance
of the case ρ = 0, and demonstrate the improvement
of the bounds in Theorem 3.3 and 3.5 over Vapnik’s
general bound in 2.1.

Our work in deriving VC bounds for weighted binary
classification grew out of our interest in developing
a statistical verification approach for complex con-
trollers. The computational requirements for a com-
plex control law, in a given implementation, can vary
considerably over time. The variation arises because
the control law calculation depends on a number of fac-
tors, such as the sensed (or estimated) state of the sys-
tem under control, environmental disturbances, and
the operational mode of the system. Since the con-
trol execution must complete in time for a command
to be issued to the actuator at the next sample in-
stant, algorithm implementations with unpredictable
computing requirements can obviously not be accom-
modated in hard real-time systems. This is the reason
that PID3 controllers, with their deterministic execu-

2Ralf Herbrich, in a recent communication, has shown
us a proof of 3.6, due to Mingrui Wu, that is shorter and
more elegant.

3Proportional, Integral, Derivative.

tion time, are still the preferred choice in many appli-
cations despite their lesser performance.

In order to bring practical acceptance to high-
performance, complex controllers, we need to pro-
vide guarantees about their computational properties.
Our SLT-based verification approach is to determine
the safe operational envelope within which the high-
performance algorithm can reliably (with some statis-
tical guarantees) terminate in the time allocated. Out-
side of this region, an alternative, lower performance
and computationally simpler, controller could be used.
The safe region is determined based on sampled data.

The verification problem now becomes the problem
of learning a binary classifier from simulated data,
where the two types of misclassifications obviously
have vastly different consequences. A false negative
merely implies a conservative use of a low performance
controller, while a false positive would have drastic
consequences such as loss of the vehicle. For this rea-
son, we would like to obtain a safe region that has
some statistical guarantee that it is indeed safe. In
other words, we would like to find a classifier that has
provably small probability of false positive.

One may at first be tempted to think that we can
achieve this objective by sticking to the unweighted
model: as long as we can ensure small probability of
misclassification, we can also ensure small probability
of false positive. This argument is however problem-
atic. If the safe region has irregular shape and is diffi-
cult to approximate, it may not be possible to obtain
small error bound, due to the so-called bias-variance
tradeoff : If we make the empirical loss small by work-
ing with a complex H, we get penalized by a large vari-
ance – the VC confidence term. Reversely, if we keep
a bound on the VC confidence term, there may not be
an h ∈ H that fits the training data well enough, i.e.,
we are stuck with a large bias.

The weighted classification model with ρ = 0 seems
to be the perfect candidate to break this deadlock.
We can control the error bound by controlling the VC
confidence term and the empirical loss. The former is
kept small by working with H with small VC dimen-
sion, while the latter can always be made zero using
the trivial hypothesis that classifies everything as neg-
ative. While this hypothesis is not very useful, it is
only a starting point. We can next try to expand this
hypothesis in such a way that it admits increasingly
more points as positive while still maintaining zero or
a small number of false positives (depending on the
use of Theorem 3.3 or Theorem 3.5) in the sampled
data. Table 1 summarizes this process. Note that this
procedure is fairly general; it does not tell you how to
choose a hypothesis space (H), or how to find a hy-



Table 1: SLT-based verification.

1. Define the inputs of the classification problem. This
includes defining the input attributes, as well as the prob-
ability distribution (F ) that accurately describes how the
inputs occur.
2. Determine the parameters ε, δ, and the space of classi-
fiers (H). Compute d, the VC dimension of H.
3. Determine the lower bound for n, the sample complexity
based on Theorem 3.3.
4. Simulate the execution of the controller algorithms for
the computed number of samples.
5. Compute a hypothesis h ∈ H that has zero false posi-
tives, and as few false negatives on the generated samples
as possible.

pothesis with no false positives and few false negatives.
These are the decisions that the control engineer has
to make on a case by case basis. Also, other variants
are possible. For example, if the number of samples is
limited, we may have to determine ε, δ, and H based
on this limitation.

We now describe how we applied the above procedure
to statistically verifying the computational property of
a high-performance controller for an OAV (Figure 1,
left). The OAV has a ducted fan propulsion unit, with
control provided by movable vanes in the propwash.
The fact that the vanes are situated in the propulsion
airflow results in significant nonlinear interactions be-
tween the propulsion and the control surfaces. The
trim calculation for the OAV is an iterative algorithm
whose computational time depends on several factors
(Elgersma & Morton, 2000). We are interested in con-
ditions under which this calculation can be reliably
used. The more accurately the range of these con-
ditions can be assessed, the greater the operational
envelope for the vehicle. Figure 1 (right) depicts the
dependence of complexity of equilibrium angle of at-
tack computation on two factors: the flight path angle
and the net lift force.

For our experiment, we identify four factors that af-
fect the computational time of the iterative algorithm,
and choose 4-dimensional hyper-rectangles as our hy-
pothesis space. The VC dimension of this hypothesis
space is 8.4 Thus for δ = .05, ε = .05, we need 34,000
samples according to Theorem 2.1. But according to
Theorem 3.3, we need only 3,800 samples. With 34,000
samples, if we set ε = .05, then δ can be as small as
10−221. Alternatively, if we fix δ = .05, with 34,000, ε
can be as small as 0.0071. The improvement in both
generalization bound (ε) and samples complexity (n)
is about ten-fold.

The search for the best hyper-rectangle in this experi-

4It is known that the VC dimension of hyper-rectangles
in Rm is 2m.

Figure 1: The Organic Air Vehicle (left), and depen-
dence of complexity of equilibrium angle of attack com-
putation on two factors: the flight path angle and the
net lift force (right). The computational time here
is equated with the number of iterations, and we are
to determine under what circumstances the required
number of iterations is at most 2. The small rectan-
gle schematically depicts the current conservative safe
region, that may be expanded using our SLT-based
verification approach.

ment is rather simple. For each sampled input, we de-
termine if the iterative algorithm converges. It turns
out that in 32,114 instances, the algorithm converges.
Next, we randomly choose a 4-dim hyper-rectangle
in the input ranges as a hypothesis. If the hyper-
rectangle contains a sampled point for which the al-
gorithm does not converge (an unsafe point), then we
eliminate that hyper-rectangle (since the guarantees
are based on Theorem 3.3 and require zero false posi-
tives). Otherwise, we count the number of safe points
that lie outside the hyper-rectangle (false negatives),
and choose the hyper-rectangle that has the fewest
number of false negatives. After looking at 10,000 ran-
dom hyper-rectangles, we are able to come up with one
that contains 18,616 safe points. This hypothesis thus
has 32,114 - 18,616 = 13,498 false negatives. Note that
the number of false negatives is still quite large. This
is because we use hyper-rectangles which constitute
a simple hypothesis space that does not approximate
the decision surface very well. The advantage to this
is that the VC dimension is low, and thus only a small
number of samples are required to ensure the statisti-
cal guarantee of low probability of false positive. The
exact guarantee reads:

The found hyper-rectangle has probability of
false positive bounded by 0.0071, and we have
at least 95% confidence in this statement.

5 CONCLUDING REMARKS

The statistical learning theory literature contains a
vast collection of techniques to derive and results on



generalization bounds. We make no attempt here to
give a comprehensive overview, but refer the reader to
a few selected references (Devroye et al., 1996; An-
thony & Bartlett, 1999; Vapnik, 2000; Vidyasagar,
2003). But to our knowledge no work has explic-
itly derived generalization bounds for the problem of
learning binary classifiers with weighted error penal-
ties. We aim to fill this gap with this paper. We have
shown that for the case when ρ, the penalty for false
negative, is zero, it is possible to derive bounds that
are much sharper than the existing Vapnik’s general
bound (Theorem 2.1). These bounds are applicable
for consistent hypotheses – those with zero empirical
loss – or for hypotheses with small empirical losses.
While our proof method is very standard and based
on proofs for the unweighted case, we succeeded at
pinpointing the parts where a weighted loss function
has effects. We also derived generalization bounds for
the case when ρ ∈ (0, 1). Finally, we made a case for
the practical relevance of the assumption ρ = 0 by pre-
senting an SLT-based methodology to verify computa-
tional properties of complex controllers, and present-
ing an example in verifying a real-world controller. We
expect that our generalization bounds for weighted bi-
nary classification has applications in other area, such
as clinical testing as well.

The bounds derived in this paper are without excep-
tion based on the concept of VC dimension. VC di-
mension was originally introduced as a combinatorial
parameter to estimate the so-called annealed entropy
in the covering argument of a VC analysis (Vapnik
& Chervonenkis, 1971). There are other parameters
that can be and have been used for this purpose, no-
tably the P-dimension (also pseudo-dimension), and
the fat-shattering dimension (Anthony & Bartlett,
1999). These parameters are in general harder to es-
timate, and as such are less attractive for our pur-
pose in statistical verification. Recent work on data-
based measures of complexity such as Rademacher and
Gaussian complexities (Koltchinskii, 2001; Bartlett &
Mendelson, 2002) may provide additional tools for our
statistical verification approach.
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